By choosing an unconventional polarization of the connection phase space in (2+1)-gravity on the torus, a modular invariant quantum theory is constructed. Unitary equivalence to the ADM-quantization is shown. PACS numbers: 04.60.Ds, 04.60.Kz It has recently been shown [1] that there are severe obstructions to constructing a quantum theory for (2+1)-dimensional gravity on a manifold R × T 2 in the connection representation if we treat all diffeomorphisms as gauge. That is, we require physical states in our Hilbert space to be invariant -or at most transform according to a one-dimensional unitary representation of the diffeomorphism group -under all diffeomorphisms. In [1] only the space-like sector [2, 3, 4] was considered, but the result can easily be transferred to the time-like sector as well.
It has recently been shown [1] that there are severe obstructions to constructing a quantum theory for (2+1)-dimensional gravity on a manifold R × T 2 in the connection representation if we treat all diffeomorphisms as gauge. That is, we require physical states in our Hilbert space to be invariant -or at most transform according to a one-dimensional unitary representation of the diffeomorphism group -under all diffeomorphisms. In [1] only the space-like sector [2, 3, 4] was considered, but the result can easily be transferred to the time-like sector as well.
The purpose of this Letter is to show that this problem can be solved straightforwardly by choosing a different polarization of the phase space [5] . The polarization chosen here leads automatically to the Heisenberg picture of the ADM-formulation [6, 7] .
The reason why we get such severe problems in trying to construct a quantum theory in the connection representation with all diffeomorphisms treated as gauge, is that the group of large diffeomorphisms has a very bad behavior on the reduced configuration space; the group of large diffeomorphisms on the torus does not act properly discontinuous in the space of gauge equivalent classes of flat SO(1, 2) connections on the torus. However, we know that the action of this group is nicely behaved in the phase spaceexcept for a region of measure zero -and we should therefore be able to quantize this formulation with the use of a different polarization.
In the space-like sector of (2+1)-gravity on the torus, we have, after solving all constraints and gauge fixing all local symmetries, the following theory [2, 3, 4] : the reduced phase space is the cotangent bundle over the reduced configuration space Q = (R 2 − {0, 0})/Z 2 coordinatized by the coordinates µ and λ, where Z 2 acts in R 2 as {µ, λ} → {−µ, −λ}. The canonically conjugate momenta are denoted a and b and we have the two fundamental Poisson brackets: {µ, a} = 1 2 and {λ, b} = − 1 2 . Note that the Z 2 identification in the phase space reads; (µ, λ, a, b) ∼ −(µ, λ, a, b). The Hamiltonian is identically zero. Since all local symmetries have been taken care of, the only remaining gauge redundancies are the large diffeomorphisms and the large O(1, 2) transformations. The large diffeomorhisms on the torus form a group -the modular group, P SL(2, Z) = SL(2, Z)/{1, −1} -which is generated by
while the remaining large O(1, 2) part is isomorphic to Z 2 and generated by
To quantize this system, I will follow the algebraic quantization program outlined in [8] while treating the above large symmetries as gauge. Alternatively, one may see the quantization below as a straightforward application of standard geometrical quantization [5] with a special polarization of the phase space. Instead of quantizing the fundamental Poisson-algebra in the vector space of complex valued functions in Q, I choose to quantize the Poisson-algebra of the phase space functions
in the vector space of complex valued functions of m andm. Note that these functions automatically takes care of the redundancy identification (µ, λ, a, b) ∼ −(µ, λ, a, b), while the large diffeomorphisms and O(1, 2) transformations become
T :
and similarly for their complex conjugate functions. Explicitly, the classical Poissonalgebra is {m,m} = {m, p} = {m,p} = {p,p} = 0 (9) {m,p} = {m, p} = −2 (10) which is easily quantized by the representation
where m = m 1 + im 2 . (The representation ofp andp is chosen such that formallyp † =p w.r.t the inner-product defined below.)
Next we need to find the physical states, i.e. complex valued functions of m andm that are invariant under the remaining "gauge transformations" (6), (7) and (8). Since we know that the quotient space C/P SL(2, Z)/Z 2 simply is the torus moduli space 3 , M [9], we automatically know that our physical states are given by functions on this space. Then, we need an inner-product, and since there exist a unique -up to scaling -modular invariant measure [9] on the moduli space, the inner product is naturally chosen to be
Explicitly, the moduli space is M: |m| ≥ 1, m 2 > 0 and
. To complete the quantization one should now find a complete set of P SL(2, Z) ⊗ Z 2 invariant physical observables, check that they are self adjoint in the Hilbert space, and check if their algebra is irreducibly represented in the Hilbert space. I will not address these issues here.
Thus, this completes the construction of a non-trivial Hilbert space carrying a onedimensional unitary representation of the modular group. Now, how is this quantum theory related to the ADM-quantization? Just by comparing the definitions (4)-(5) to the time dependent canonical transformation between half the phase space 4 of the connection formulation and the ADM-formulation [2] , one immediately sees that the functions m,m, p andp are nothing more than the ADM-variables at a specific instant of ADM-time. Thus, the above quantum theory is simply the Heisenberg picture of the ADM Schrödinger picture, and unitary equivalence follows directly.
Finally we may note that although we have managed to construct a non trivial modular invariant theory starting from the connection formulation, our quantum theory is not a connection representation [3, 10] . This immediately implies that we do not have any obvious way to relate this quantum theory to the so called loop-representation [3, 10] . Furthermore, it seems very unlikely that the above construction should have any chance of working in the time-like sector where the modular group does not act properly discontinuous even in the full phase space. Thus the construction of a non trivial modular invariant connection representation still remains as an open problem.
